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Abstract

AdaBoostproducesa linear combinationof weak hypotheses.It hasbeen
obsenedin practicethat the generalizatiorerror of the algorithm continuesto
improve evenafterall examplesareclassifiedcorrectlyby thecurrentinearcom-
bination,i.e. by a hyperplanen featurespacewhereeachweakhypothesids a
dimension. The improvementis attributedto the experimentalobsenation that
thedistancegmaigins)of theexamplego the separatindiyperplaneareincreas-
ing even when the training error is alreadyzero, i.e. all examplesare on the
correctsideof the hyperplaneWe give aniterative versionof AdaBoostthatex-
plicitly maximizeshe minimummaurgin of the examples.We boundthenumber
of iterationsandthe numberof hypothesesisedin the final linear combination
which approximateghe maximummargin hyperplanewith a certainprecision.
This resultis shovn to be independenfrom the size of the hypothesisclass—
eveninfinite hypothesislassesreallowed.

Intr oduction

In the mostcommonversionof boostingthe algorithmis given a fixed setof labeled
trainingexamples.In eachstagehealgorithmproduces probabilityweightingonthe
examples.It thenis givena weakhypothesisvhoseerror (probability of wrongclas-
sification)is slightly belov 50%, which is usedto updatethe distribution. Intuitively,
the hardexamplesreceve high weights. At endof eachstagethe weakhypothesiss
addedto the linear combination,which forms the currenthypothesisof the boosting
algorithm.

Themostwell known boostingalgorithmis AdaBoost[4]. It adaptshelinearco-
efficient of the weakhypothesigo the error of the weakhypothesis.Earlierwork on
boostingincludes[12, 2]. AdaBoosthastwo redeemingoroperties.First, alongwith
earlierboostingalgorithms[12], it hasthe propertythat its training error corverges
exponentiallyfastto zero.More preciselyif thetrainingerrorof thet¢-th weaklearner
is & = + — 14, thenanupperboundon thetrainingerrorof thelinearcombinatioris
reducedby afactorof 1 — 42 atstaget. Secondijt hasbeenobsered experimentally
thatAdaBoostcontinuedo “learn” evenatfterthetrainingerrorof thelinearcombina-
tion is zero[13], i.e. in experimentghe generalizatiorerroris continuingto improve.
Whenthetrainingerroris zero,thenall examplesareon the “right side” of thelinear
combination(viewed asa hyperplandn afeaturespace whereeachbasehypothesis
is onedimension).The mamgin of anexampleis the signeddistanceto the hyperplane
timesits + label. As soonasthetraining erroris zero,the examplesare on the right
sideandhave positive mamgin. It hasalsobeenobsered thatthe magins of the ex-
amplescontinueto increaseeven afterthetraining erroris zero. Therearetheoretical
boundson thegeneralizatiorerrorof linearclassifierge.g.[13, 1]) thatimprove with
thesizeof theminimummagin of theexamples.Sothefactthatthe maiginsimprove
experimentallyseemdo explain why AdaBooststill learnsafter the training error is
zero.

Thereis oneshortfll in thisagument.AdaBoosthasnotbeenprovento maximize
the minimum maigin of the examples. In fact, in our experimentsin Section4 we
obsenre that AdaBoostdoesnot seemto maximizethe magin. Breiman[1] proposed
a modified algorithm — Arc-GV (Arcing-Game Value)— suitablefor this task and
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shaved that it asymptoticallymaximizesthe mamgin. In this paperwe proposean
algorithmthatmaximizesthe magin up to a givenaccurayg . We prove exponential
convemgenceratesto the maximummaigin solutionin termsof ¢ andthe samplesize
N. To ourknowlegde,thisis thefirst resulton the non-asymptoticatonvergenceof a
boostingalgorithmto the maximummagin solution.

The paperis structuredasfollows: In Section2 we first extendthe original Ada-
Boostalgorithmleadingto AdaBoosj. Thenwe proposeMarginal AdaBoostwhich
usesAdaBoos} asa subroutine. In Section3 we give a more detailedanalysisof
both algorithms. First, we prove thatif the training error of the ¢-th weaklearneris
€ = % — %%, thenan upperboundon the fraction of exampleswith margin smaller
thanp is reducedby afactorof 1 — (o — 4:)? atstaget of AdaBoos} (cf. Theorem2
andCorollary 3). Exploiting this property we prove the exponentialcorvergencerate
of ouralgorithm(cf. Theoremd). We completethe papemwith experimentsonfirming
ourtheoreticalnalysig(Section4) anda conclusion.

2 Marginal Boosting

For AdaBoostit hasbeenshavn that it quickly generatesa combinedhypothesis
fa(x) = >, 2‘“% hi(x) consistenwith the training set[4]. This is desirablefor
theanalysisn thePAC setting[12, 15]. Consisteng onthetrainingsetmeanghatthe
maugin of eachtraining exampleis larger thanzero,i.e. min,—1 .. y ynf(x,) > 0.
We startwith a slight modificationof AdaBoost(cf. Algorithm 1), which doesnot
only aimto find a hypothesiswith mamgin of atleastzero,but with at leastmagin g,
wherep is pre-specifiedWe call this algorithmAdaBoos}, asit naturallygeneralizes

Algorithm 1 The AdaBoos} algorithm.

1. Input: S ={(x1,y1),---,(x~,yn~)), No. Of Iterations T', margin target
2. Initialize: dy, =1/Nforalli=1...N
3. Dofort=1,...,T,
(@) Train classifier on {S, d*} and obtain hypothesis h; : x + [—1,1]
(b) Calculate the edge #; of he: 4 = Y1_, dbynhi(xn).
1+4% 1 1
1 tg: ~3 log 1__'-—5
(d) Update weights: di,! = d!, exp {—awynhs(xn)} /Ze, st 0_, diF = 1.

(c) Seta; = %log

4. Breakif 44 < por#4: = 1.
. _ T Qg . N .
5. Output: f(x) = thl S o ha(x), 5 =, min 4, and ¢ = max Yn f(xn)

=1,...,7 " T a=1,..

AdaBoostfor the casewhenthetarget mamgin is p. The original AdaBoostalgorithm
now becomesAdaBoosty, asit targetsp = 0. The algorithmAdaBoos}, is already
known asunnormalizedArcing [1] or AdaBoost-typélgorithm[11]. The only dif-

ferenceto AdaBoostis the choiceof the hypothesisoeficientsa;. Thereappearan
additionalterm,i.e. —% log %g, which is zerofor AdaBoos§. The constante might

beseemsaguesof themaximummaigin o*. If o would bechoserproperly(closeto
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0*), AdaBoos} would corvege fastto a combinedhypothesiswvith a nearmaximum
maigin. Thedetailsaregivenin Section3.2.

Sinceonedoesnot know the value of p* beforehandpne also needsto find p*.
We proposeanalgorithmthatconstructsasequencd o, } £ | corvergingto o*: A fast
way to find a real value up to a certainaccurag ¢ on theintenal [—1, 1] is to usea
binary seach — oneneedsonly log,(2/¢) steps.Ourideais to usethe binary search
to find ¢*, wherewe call Algorithm 1 to decidewhetherthe currentguesso is larger
or smallerthang*. Thisleadsto Algorithm 2.

The algorithmproceedsn R iterations,where R is determinedby the accurag
e thatwe would like to reach:In eachiterationr it calls AdaBoos}, (cf. step3ain
Algorithm 2), wherep, is choserto bein themiddleof anintenal [/, u,] (cf. step3c).
Basedon the succes®f AdaBoos}, to achieve alarge enoughmamgin, theinterval is
updated(cf. step3b). We canshav that the intenal is chosensuchthat it always
containseg*, the unknownmaximalmamgin, while the lengthof theintenval is almost
reducedby afactorof two. Finally, in thelaststepof thealgorithm,onehasreached
goodestimatepr, of o* andcallsAdaBoos} for o = [r1 — € generatingacombined
hypothesisvith maigin atleastp* — 4e.

In thenext sectionwe will give adetailedanalysisof how thealgorithmworksand
how mary callsto thebasdearnerareneededo approximatep*: in theworstcaseone
needsaboutlog,(2/¢) timesmoreiterationsthanin the casewherewe alreadyknow

*

o .

SinceAdaBoos} is usedas a sub-routineand startsfrom the beginning in each
round, one canthink of several speed-upswhich might help to reducethe compu-
tationtime. For instanceone could storethe basehypothese®f previous iterations
andinsteadof calling the basdearney onefirst sifts throughthesepreviously usedny-
pothesesFurthermorepnemay stopAdaBoosj, whenthe combinedhypothesishas
reachedamaugin of p or thebasdearnemreturnsa hypothesisvith edgelower thanp.

Algorithm 2 The Marginal AdaBoostalgorithm

1. Input: S = {(x1,41),...,(xn,yn)), Accuracy e
2. Initialize: g1 = 0,11 = —1,u1 = 1, R = [log,(1/¢)], T = [2log(N)/e?] + 1.
3. Doforr=1,...R,

@) [fr,Ar, 6r] = AdaBoost,, (S,T)

(b) if g» > or, thenl, 41 = max(ér,lr), Ur+1 = min(§r, ur)
elsel, 1 = max(gr, ly), ur41 = min(§y, or + €, ur)

©€) or1 = bhes

4. Breakif Up41 — lr+1 S 3e
5. Output: f = AdaBoosty, ,,—<(S,2log(N)/e?)
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3 Detailed Analysis

3.1 Weaklearning and margins

The standardassumptiormadeon the baselearningalgorithmin the PAC-Boosting
settingis thatit returnsa hypothesish from a fixedset H thatis slightly betterthan
randomguessingn ary trainingset! More formally this meanghattheerrorrateé is
consistentl;smallerthan% — 57- Notethattheerrorrateof % (i.e.4 = 0) couldeasily
be reachedby a fair coin, assumingboth classeshave the sameprior probabilities.
Thus,this requirements the leastwe canexpectfrom alearningalgorithm[4].

Theerrorrateé is definedasthefraction of pointsthataremisclassifiedln Boost-
ing thisis extendedo weightedsamplesetsandonedefines

N

&(d,h) = dy I(yn # sign(h(xa))),

n=1

whereh is the hypothesigeturnedby the baselearnerandI is the identity function
with I(true) = 1 andI(false) = 0. Theweightingd = [dy, ... ,dy] of theexamples
is suchthatd,, > 0 andZ]nV:1 d, = 1. A morecorvenientquantityto measureghe
quality of the hypothesish is the edgey(d, h) = fo:l dnynh(x,) [1], whichis an
affine transformatiorof é(d, &), if h(x) € {—1,+1}: é(d,h) = 5 — 25(d, h). Recall
from Sectionl the definition of the magin g(a,z) = yfa(x) of a given example
z = (x,y).

Supposave would combineall possiblehypothesefrom H (assumingH is finite),
thenthe following well-knowvn theoremestablisheshe connectionbetweenmagins
andedges

Theorem 1 (Min-Max-Theor em [16], seealso[3, 1]).

v* = min max4(d,h) = max min p(a,z,) = 0", 1)
d heH

o n=l,...,

wheed € PV, a € PEl andP* is the k-dimensionaprobability simplex.

Thus,the minimal edge¥ that canbe achiezed over all possibleweightingsd of
the training setis equalto the maximal magin of a combinedhypothesisfrom H.
Also, for ary non-optimalweightingsd and e we always have maxpc g 4(d, h) >
min,—1,... n (e, z,). SO,assuminghatthe baselearningalgorithm performsopti-
mal,i.e. maximizeshe edgefor agivend, onecanconcludey > g (cf. Algorithm 1).
If thebasdearningalgorithmguaranteeto returna hypothesiswith edgeatleasty for
ary weighting,thereexists a combinedhypothesisvith magin atleasty. If 4 = ~*,
i.e.thelowerboundy is largestpossiblethenthereexistsa combinedhypothesisvith
magin exactly ¥ = p*. Fromthis discussionwe canderive a sufficient conditionon
thebasdearningalgorithmto reachthe maximalmagin: If it returnshypothesesvith
edgeatleasty*, oneis ableto combinethesehypothesewith maigin ¢*. Thisexplains
theterminationcondition(cf. step4 in Algorithm 1).

1In the PAC setting,the baselearneris allowed to fail with probability§. Sincewe are seekingfor
simplepresentationwe ignorethis facthere.Our algorithmcanbe extendedo this case.
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Note, for AdaBoos} it sofar hasonly beenshavn thatit asymptoticallyachieres
a magin of atleastp*/2 [11]. We aim to find an algorithm that approximateghe
maximummaugin solutionup to ary precisionin few iterations

Convergencepropertiesof AdaBoost,

We now analyzeaslightly generalizedrersionof Algorithm 1, wherep is notfixedbut

could be adaptedn eachiteration. We thereforeconsidersequence$o; }7_;, which

might eitherbe specifiedbeforerunningthe algorithmor computedbasedon results
during the algorithm. For instance the ideaproposedoy [1] is to setp; = 01 :=

ming,—1,... n p(oy—1,2,), Whichleadsto Arc-GV. We areansweringhe questiorhow

goodAdaBoos},,; is ableto increase¢he magin andboundthefractionof examples,
which have a magin smallerthansayé. Thisleadsto atheoremgeneralizingThm.5

in [4] for thecasep # 0:

Theorem 2 ([11, 9]). LetA,... ,4r betheedgesof hq,... ,hy that are geneated
by Algorithmland—1 < gy <4, fort =1,... ,T. Thenforall § € [-1,1]

LN T LA\ 1A\
v ot so<Ily (=) (Ha) - @

1—p

whee f is thefinal hypothesisFurthermoe, for § < min;—1 .. 7 o,

—ZI (Ynf (xn) < 0) <exp{ ZA2 (01, 1) } 3

n=1

whee A;(o,9) := 52 log {£ + 52 log 1=

1—

Thus,thealgorithm malesprogressreducmgthe rhs.of (2), if thetermunderthe
square-roots smallerthenone. Thisis e.g.the caseif 4; large comparedo ¢ andg;
or, by (3), if 8 < o; < 4 (cf. stepd in Algorithm 1). Thelarger4;, the moreprogress
onemakes.

Supposave would like the reacha magin € on all training examples wherewe
obviouslyneedio assumé < ¢*. Thenthequestiorariseswhichsequencef {g;}7;
oneshoulduseto find a combinechypothesisn asfew iterationsaspossible.Onecan
boundi SN T(y, f(xn) < 0) < (2) = [11, exp{fay; + log Z;}, whereq, is given
in step(3c) and Z; = £2 exp(—ay) + 152 exp(ay) is a upperbound[14] on Z; as
usedin step(3d) of Algorithm 1. We achiare a minimum of the left handside,if we
independentlyhosep; in eachiterationt suchthatexp{fa; + log Z;} is minimized.
Settingthe derivative with respecto g; to zeroandsolvingfor g; yields g, = 6. Soit
turns out that oneshoulduseg; = 6, independenthhow the baselearner performs!
This explainswhy we usep = const.

The numberof iterationsneededo achieze a maigin of at leastp canbe upper
bounded:

Corollary 3. Assumehebaselearneralwaysachievesanedgey; > o*. If p < o* —¢,
e > 0, thenAdaBoos} will converge to a solutionwith margin of at least o on all

examplesn at most[m%ym + 1 steps.
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Proof. We use(3) for 6 = p, yielding (3) < exp{->_, %(g — %)%} < exp —TTEQ},
wherewe usea boundonthebinaryentropy. If exp{—TTEQ} < % thereis noexample
left with maigin smallerthan g, which provesthe corollary O

Convergenceof Mar ginal AdaBoost

Sofarwe have alwaysconsideredhe casewherewe alreadyknon somepropervalue
of p. Let usnow assumehe casethatthe maximumachiezable magin is ¢o* andwe
would like to achiere amamgin of o* — ¢. Ouralgorithmguesses valueof p* starting
with 0. We needto understandvhat happensf our guesss too high,i.e. o > o*, or
toolow, i.e.p < o*?

First,if o > o*, thenonecannotreachthe magin of o sincethemaximumachiev/-
ablemaninis ¢*. By Corollary3, if AdaBoos} hasnotreachedamamgin of atleastp
in 2log(N)/e? stepswe canconcludethatp > o* — ¢ (cf. step(3b)in Algorithm 2).
Thisis theworstcase.Thebettercases, if thedistributiond generatedby AdaBoos}
will betoo difficult for the baselearnerandit eventuallyfails to achieve anedgey of
atleastp andAdaBoos} will stop(cf. stoppingconditionin Algorithm 1).

Secondassume is choserto low, sayp < ¢* — €, thenoneachiezesa magin of
o in afew stepsby Corollary 3. Sincethe maximummaigin is alwaysgreaterthata
certainachived margin, onecanconcludethat o* > o (cf. step(3b) in Algorithm 2).

Notethatthereis asmallgapin the proposedinarysearchprocedure\We arenot
ableto identify thecasep* — e < p < p* efficiently. Thismeanghatwe cannotreduce
thelengthof the searctintenal by exactlyafactorof two in eadh iteration. Thismakes
the analysisslightly more difficult, but eventuallyleadsto the following theoremon
theworst caseperformanceof Marginal AdaBoost:

Theorem 4. Assumehe baselearneralwaysachievesan edge 4; > o*. ThenAlgo-
rithm 2 will finda combinechypothesig thatmaximizeshemargin upto acculacy4e
in at most[QlOg(N) +1][logy(1/€) + 1] callsof thebaselearner Thefinal hypothesis

comblnesattmost[210g (M) 4 1] basehypotheses.

Proof. SeeAlgorithm 2 for definitionsof w,, i, 4, or.

We claim thatin ary iterationu, > o* > I,. We shaw, if u,_1 > 0" > I, 1,
thenu, > o* > [, forallr = 1,... ,R. It holdsi; > p* > wu; (inductionstart).
By assumptiony;, > o¢* andwe may setu,; = miny =i ., ming—1_. 7.
By Theoreml holds¢* > g, for all » = 1,2,... and,hence,we mayseti,.; =
maxy,=1,..r Or,- Wehaveto considetwo cases(a) o, > ¢, and(b) 6, < o,. In case
(b) we have anadditionaltermin u,1, which follows from g, + ¢ > o*, justified by
or < o andTheoren?2.

By constructionthe lengthof intenal [I,., u,] is (almost)decreaseih eachitera-
tion by a factorof two. We shaw u, — I, < 277+! 4 2¢. In case(a) theintenal is
reducedoy atleastafactorof two. Theworstcaseis if always(b) happens:

U —lp < opte—1I
_ I
_ Or 1+25+ r 1+8—ZT
Oroi e+t +2 — 2,

2
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o j+edd 2 4 30 20, — 20,

2j
o (@ =D+ S Y - 2,
_ o
e+ (@ - De+ o, oy,
- or—1 :

Sincel, is non-decreasingZ{:1 or—1=i1._, — 2"~11, is maximizedfor I, = const,
e Y 2, -2, < SR o = (20 1 27 =

We continueby usingg; = 0 andmin, [, = —1:
(2" = 1)e -1,
S 2r—1
1
S T—_l + 28.

ThusafterR = [logy(1/¢)] stepswehave ugyi — lg+1 < 3e andp* — lgy1 < 3e.
Now we run AdaBoosty,,,, (S, 21og(N)/e?) andachiere a mawgin of at least
lr+1 — € by Corollary 3. This canonly be4e away from o*.
We called R + 1 = [logy(1/¢) + 1] times Algorithm 2, eachtime calling
[2log(N)/e? + 1] timesthe baselearningalgorithm. Algorithm 2 returnsonly the
lasthypothesiscombiningonly [21og(N)/e? + 1] basehypotheses. O

Infinite HypothesisSpaces

Sofar we have implicitly assumedhat the hypothesisspaceis finite. In this section
we will shawv thatthis assumptioris (often) not necessaryAlso note,if the outputof
the hypothesess discrete the hypothesisspaceis effectively finite [10]. For infinite
hypothesispacesTheoreml canberestatedn awealerform as:

Theorem 5 (Weak Min-Max).

N
4" := min sup Z Ynh(xp)dn, > sup min yp, Z athi(xy) =: 0%, (4)
d hEHn:1 a n=1,..,N b >0

wheed € PN, a € PH| with finite support.Wecall T = v* — p* the“duality gap”.

In particularfor ary d € PN: supyeyy SN | ynh(x,)d, > v* andfor ary a €
P with finite supportmin,—1._.. y ¥n D ey >0 thi(xn) < 0.

In theorythe duality gapexists. However, Theorem2 and Theorem4 do not as-
sumefinite hypothesispacesandshav thatthe maigin will corverge arbitrarily close
to o*, aslong asthe basdearningalgorithmcanreturna singlehypothesighathasan
edgenotsmallerthanp*.

In otherwords,theduality gapmayresultfrom thefactthatthesup ontheleft side
cannot be replacedby a max, i.e. theremight not exists a single hypothesish with
edgelarger or equalto o*. By assuminghatthe baselearneris alwaysableto pick
goodenoughhypothese$> ¢*) oneautomaticallygetsthatl’ = 0 (by Theorem?).

Under certainconditionson H this maximum always exists and strong duality
holds(seee.g.[10, 9, 6] for details):
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Theorem 6 (Strong Min-Max). If {[h(x1),... ,h(xn)] | h € H} is compactthen
I'=0.

In generalthis requirementcan be fulfilled by baselearning algorithmswhose
outputscontinuouslydependnthedistribution d. Furthermorethe outputsof the hy-
potheseseedto be boundedcf. step3ain Algorithm 1). Thefirst requiremenmight
be a problemwith baselearningalgorithmssuchassomevariantsof decisionstumps
or decisiontrees. However, thereis a simpletrick to avoid this problem: Roughly
speaking,at eachpoint with discontinuityd, one addsall hypotheseso H that are
limit pointsof L(S,d*), where{d*}$2, is anarbitrarysequenceorverging to d and
L(S,d) denoteghe hypothesigeturnedby the baselearningalgorithmfor weighting
d andtrainingsampleS [9].

4 Experimental lllustration

Firstof all, wewouldlike to notethatwe areawareof thefactthatmaximizingthe
maugin of theensemblaloesnotleadin all casego animprovedgeneralizationperfor
mance For fairly noisydatasetseventheoppositehasbeenreportedcf. [8, 1, 5, 11]).
However, atleastfor well separablelatathetheoryappliesfor hard mamgins Hence,
oneshouldbe ableto measurelifferencedn the generalizatiorerror, if onefunction
approximatelymaximizesthe magin while anotherfunction doesnot, assimilar re-
sultsin [13] on amulti-classoptical characterecognitionproblem.

Here we can report experimentson artificial dataonly to (a) illustrate how our al-

gorithm works and (b) how it comparego AdaBoost. 3

Our datais 100 dimensionaland contains98 nuisance 2s 8,
dimensionswith uniform noise. The othertwo dimen- 2 @08 goo®
sionsareplottedexemplaryin Figurel. For trainingwe s #%jg% o8
useonly 100 examplesandthereis obviously theneed 1 ;ffopg(%@

to carefully controlthe capacityof theensemble. 05 ey ey

As baselearningalgorithmwe useC4.5decisiontrees o *’% T+

provided by RossQuinlan[7] usingan option to con- -os|

trol thenumberof nodesn thetree.We have setit such -1

1 2 3 4
that C4.5generatesreeswith aboutthreenodes. Oth- r4,re 1: The two discriminative

erwise,the baselearneroften classifiesall training ex- dimensionsof our separableone
amplescorrectlyandover-fits the dataalready Further hundreddimensionatataset.
more, sincein this casethe mamgin is alreadymaximal (equalto 1), both algorithms
would stopsincey = 1. Wethereforeneedto limit thecompleity of thebasdearner
in goodagreementvith the boundson thegeneralizatiorerror[13].

In Figure 2 (left) we seea typical run of Marginal AdaBoostfor e = 0.1. It calls
AdaBoos} threetimes. Thefirst call of AdaBoos} for v = 0 alreadystopsafterfour
iterations sinceit hasgeneratec consistentombinedhypothesisThelower boundi
on g* ascomputedy our algorithmis ! = 0.07 andthe upperboundu is 0.94 (cf. step
3bin Algorithm 2). Thesecondime g is choserto bein themiddleof theintenal [/, u]
andAdaBoos}, reacheshemagin of p = 0.51 after80iterations.Theintenal is now
[0.51,0.77]. Sincethelengthof theinternval u — [ = 0.27 is smallenough Marginal
AdaBoostleavesthe loop throughexit condition4, calls AdaBoos} the lasttime for
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C4.5 AB Marginal AB
Egen, 74+£011% 4.0+0.11% 3.6 £0.10%
0 — 0.31+£0.01 0.58+0.01
wins 1/200 59/200 140/200

Table 1 Estimatedyeneralizatiorperformancesndmaginswith confidencantenals
for decisiontrees(C4.5), AdaBoost(AB) andMarginal AB on the toy data. Thelast
row shavs the numberof timesthe algorithmhadthe smallesterror All numbersare
averagedover 200splitsinto 100trainingand19900testexamples.

o = u — € = 0.41 andfinally achi&zesa maigin of g = 0.55. For comparisorwe also
plot the magins of the hypothesegeneratedy AdaBoost(cf. Figure2 (right)). One
obseresthatit is not ableto achieve a large magin efficiently (6 = 0.37 after 1000
iterations).

1 ' ' 1
Up
0.5 0.5
0

of— — 0

-05 -05
-1 ‘ ‘ -1 ‘ ‘

10" 10 10° 10" 10 10°

Figure 2 lllustration of the achiered magin of Marginal AdaBoost (left) and
AdaBoosj (right) at eachiteration. Our algorithmcalls AdaBoos}, threetimeswhile
adaptinge (dash-dotted). We also plot the valuesfor [ and » asin Algorithm 2
(dashed).

In Tablel we seethe averageperformancef the threeclassifiers.For AdaBoost
we combined200 hypothesesor thefinal prediction.For Marginal AdaBoostwe use
¢ = 0.1 andlet the algorithm combineonly 200 hypothesedor the final prediction
to get a fair comparison. We seea large improvementof both ensemblemethods
comparedo thesingleclassifier Thereis alsoaslight, but —accordingo a T-testwith
confidencdevel 98% — significantdifferencebetweerthegeneralizatiopperformances
of both boostingalgorithms. Note alsothat the magins of the combinedhypothesis
achieredby Marginal AdaBoostareon averagealmosttwice aslarge asfor AdaBoost.
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5 Conclusion

We proposeda boostingalgorithmthatapproximatelymaximizeghe maigin of anen-
semble. To the bestof our knowledgethis is the first resulton the non-asymptotical
convemgenceof a boostingalgorithmto the maximummaugin solutionthatis valid if
the hypothesispacads infinite. We have shavn theoreticallyandempirically thatour
algorithmcorvemgesquite fastto the maximummauigin solution,whereaghe original
AdaBoostalgorithmis not ableto achieve a large maigin. We could prove this result
withoutassumingadditionalpropertiesof the baseearningalgorithm.In atoy exper
imentwe have illustratedthe validity of our analysisandalsothata larger maigin can
decreasehe generalizatiorerror whenlearningon high dimensionadatawith a few
informative dimensions.
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