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Abstract

AdaBoostproducesa linear combinationof weakhypotheses.It hasbeen
observed in practicethat the generalizationerror of the algorithmcontinuesto
improveevenafterall examplesareclassifiedcorrectlyby thecurrentlinearcom-
bination,i.e. by a hyperplanein featurespacewhereeachweakhypothesisis a
dimension.The improvementis attributedto the experimentalobservation that
thedistances(margins)of theexamplesto theseparatinghyperplaneareincreas-
ing even when the training error is alreadyzero, i.e. all examplesare on the
correctsideof thehyperplane.We giveaniterativeversionof AdaBoostthatex-
plicitly maximizestheminimummargin of theexamples.We boundthenumber
of iterationsandthe numberof hypothesesusedin the final linear combination
which approximatesthe maximummargin hyperplanewith a certainprecision.
This result is shown to be independentfrom the sizeof the hypothesisclass–
eveninfinite hypothesisclassesareallowed.

1 Intr oduction

In themostcommonversionof boostingthealgorithmis givena fixedsetof labeled
trainingexamples.In eachstagethealgorithmproducesaprobabilityweightingonthe
examples.It thenis givena weakhypothesiswhoseerror (probabilityof wrongclas-
sification)is slightly below 50%,which is usedto updatethedistribution. Intuitively,
thehardexamplesreceive high weights.At endof eachstagetheweakhypothesisis
addedto the linear combination,which forms thecurrenthypothesisof the boosting
algorithm.

Themostwell known boostingalgorithmis AdaBoost[4]. It adaptsthelinearco-
efficient of theweakhypothesisto theerrorof theweakhypothesis.Earlierwork on
boostingincludes[12, 2]. AdaBoosthastwo redeemingproperties.First, alongwith
earlierboostingalgorithms[12], it hasthe propertythat its training error converges
exponentiallyfastto zero.Moreprecisely, if thetrainingerrorof the

�
-th weaklearner

is ��������	�
 �	 �� � , thenanupperboundon thetrainingerrorof thelinearcombinationis
reducedby a factorof 
 
 �� 	� at stage

�
. Second,it hasbeenobservedexperimentally

thatAdaBoostcontinuesto “learn” evenafterthetrainingerrorof thelinearcombina-
tion is zero[13], i.e. in experimentsthegeneralizationerror is continuingto improve.
Whenthetrainingerror is zero,thenall examplesareon the“right side” of thelinear
combination(viewed asa hyperplanein a featurespace,whereeachbasehypothesis
is onedimension).Themargin of anexampleis thesigneddistanceto thehyperplane
timesits � label. As soonasthe trainingerror is zero,theexamplesareon theright
sideandhave positive margin. It hasalsobeenobserved that the margins of the ex-
amplescontinueto increaseevenafterthetrainingerror is zero.Therearetheoretical
boundson thegeneralizationerrorof linearclassifiers(e.g.[13, 1]) that improve with
thesizeof theminimummargin of theexamples.Sothefactthatthemarginsimprove
experimentallyseemsto explain why AdaBooststill learnsafter the training error is
zero.

Thereis oneshortfall in thisargument.AdaBoosthasnotbeenprovento maximize
the minimum margin of the examples. In fact, in our experimentsin Section4 we
observe thatAdaBoostdoesnot seemto maximizethemargin. Breiman[1] proposed
a modified algorithm – Arc-GV (Ar cing-GameValue) – suitablefor this task and
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showed that it asymptoticallymaximizesthe margin. In this paperwe proposean
algorithmthatmaximizesthemargin up to a givenaccuracy � . We prove exponential
convergenceratesto themaximummargin solutionin termsof � andthesamplesize�

. To ourknowlegde,this is thefirst resulton thenon-asymptoticalconvergenceof a
boostingalgorithmto themaximummargin solution.

Thepaperis structuredasfollows: In Section2 we first extendtheoriginal Ada-
Boostalgorithmleadingto AdaBoost� . Thenwe proposeMarginal AdaBoost, which
usesAdaBoost� as a subroutine. In Section3 we give a more detailedanalysisof
both algorithms. First, we prove that if the training error of the

�
-th weaklearneris

������ �	 
 �	 �� � , thenanupperboundon the fractionof exampleswith margin smaller
than � is reducedby a factorof 
 
�� � 
 ������ 	 at stage

�
of AdaBoost� (cf. Theorem2

andCorollary3). Exploiting this property, we prove theexponentialconvergencerate
of ouralgorithm(cf. Theorem4). Wecompletethepaperwith experimentsconfirming
our theoreticalanalysis(Section4) andaconclusion.

2 Mar ginal Boosting

For AdaBoost it has beenshown that it quickly generatesa combinedhypothesis��� ��� � ��� �! #"$&%  %(' � ��� � consistentwith the training set [4]. This is desirablefor
theanalysisin thePAC setting[12, 15]. Consistency onthetrainingsetmeansthatthe
margin of eachtraining exampleis larger thanzero, i.e. )+*-,/.#0 ��132323241 576 . � ��� . �98;: .
We start with a slight modificationof AdaBoost(cf. Algorithm 1), which doesnot
only aim to find a hypothesiswith margin of at leastzero,but with at leastmargin � ,
where � is pre-specified.Wecall thisalgorithmAdaBoost� , asit naturallygeneralizes

Algorithm 1 TheAdaBoost� algorithm.

1. Input: <&=?>4@BADCFE4GHC�I�EKJFJFJLE�@BA/MNE4GOMPI4Q , No. of Iterations R , margin target S
2. Initialize: T CU =WVYX�Z for all [\=WV]JFJKJ^Z
3. Do for _`=WVaEFJFJKJ�E4R ,

(a) Train classifier on bc<dE^e "4f and obtain hypothesis g "]h AjikmlonpVqE�VKr
(b) Calculate the edge st " of g " : st " =vu7wxzy C T "U G U g " @BA U I .
(c) Set { " = V|N}o~a� V]�?st "V�n�st " n V|�}o~q� V]��SV�n�S .

(d) Update weights: T "�� CU =�T "U��K��� b�n�{ " G U g " @BA U I f XK� " , s.t. u MU y C T "B� CU =WV .
4. Break if st "]� S or st " =WV .
5. Output: �\@BA\I]=v���" y C { "u % { % g " @BA\I , st = ���o�" y C4� � � ��� � s

t " , and sSp= ��� �U y C4� � � ��� M G U �\@BA U I

AdaBoostfor thecasewhenthe target margin is � . Theoriginal AdaBoostalgorithm
now becomes� ��¡�¢¤£�£#¥ �F¦ , asit targets � � : . The algorithmAdaBoost� is already
known asunnormalizedArcing [1] or AdaBoost-typeAlgorithm [11]. The only dif-
ferenceto AdaBoostis thechoiceof thehypothesiscoefficients § � . Thereappearsan
additionalterm,i.e. 
 �	p¨B©#ª ��« ���¬ � , which is zerofor AdaBoost

¦
. Theconstant� might

beseenasaguessof themaximummargin �#­ . If � wouldbechosenproperly(closeto
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� ­ ), AdaBoost� would converge fastto a combinedhypothesiswith a nearmaximum
margin. Thedetailsaregivenin Section3.2.

Sinceonedoesnot know the valueof � ­ beforehand,onealsoneedsto find � ­ .
Weproposeanalgorithmthatconstructsasequence®#�°¯�±H²¯Y0 � converging to ��­ : A fast
way to find a real valueup to a certainaccuracy � on the interval ³ 
 
�´�
aµ is to usea
binary search – oneneedsonly ¨B©#ª 	 �4¶(· � � steps.Our ideais to usethebinarysearch
to find ��­ , wherewe call Algorithm 1 to decidewhetherthecurrentguess� is larger
or smallerthan � ­ . This leadsto Algorithm 2.

The algorithmproceedsin ¸ iterations,where ¸ is determinedby the accuracy
� that we would like to reach: In eachiteration ¹ it calls AdaBoost� % (cf. step3a in
Algorithm 2), where � ¯ is chosento bein themiddleof aninterval ³ º ¯ ´�» ¯ µ (cf. step3c).
Basedon thesuccessof AdaBoost� % to achieve a largeenoughmargin, theinterval is
updated(cf. step3b). We can show that the interval is chosensuchthat it always
contains�#­ , theunknownmaximalmargin, while the lengthof the interval is almost
reducedby a factorof two. Finally, in thelaststepof thealgorithm,onehasreacheda
goodestimate� ² of ��­ andcallsAdaBoost� for � � º ² «¼� 
 � generatingacombined
hypothesiswith margin at least � ­ 
?½ � .

In thenext sectionwewill giveadetailedanalysisof how thealgorithmworksand
how many callsto thebaselearnerareneededto approximate�#­ : in theworstcaseone
needsabout ¨B©#ª 	 �4¶(· � � timesmoreiterationsthanin thecasewherewe alreadyknow
��­ .

SinceAdaBoost� is usedasa sub-routineandstartsfrom the beginning in each
round,onecan think of several speed-ups,which might help to reducethe compu-
tation time. For instance,onecould storethe basehypothesesof previous iterations
andinsteadof calling thebaselearner, onefirst sifts throughthesepreviouslyusedhy-
potheses.Furthermore,onemaystopAdaBoost� , whenthecombinedhypothesishas
reachedamargin of � or thebaselearnerreturnsahypothesiswith edgelower than � .
Algorithm 2 TheMarginal AdaBoostalgorithm

1. Input: <&=?>4@BA C E4G C I�EKJFJFJLE�@BA M E4G M I4Q , Accuracy ¾
2. Initialize: S�C¿=7À , ÁÂC]=?npV , Ã\C¿=WV , Äv=ÆÅ }Ç~q�HÈ @�VYXY¾aI�É , R�=ÊÅ | }Ç~q� @-ZjI4Xc¾ È É¿�ËV .
3. Do for Ìp=WVaEFJKJ�J^Ä ,

(a) l � % Eqst % EHsS % r(=7ÍPÎH�aÏ ~Ð~qÑ�Ò�Ó4Ô @Â</E�RPI
(b) if sS %PÕ S % , then Á % � C]=���� � @qsS % E^Á % I , Ã % � C]=7���o�L@Fst % E^Ã % I

else Á % � C =���� � @asS % E^Á % I , Ã % � C =����Ç�L@Fst % E�S % �¤¾ÐE4Ã % I
(c) S % � C]= w Ô �(Ö ÔÈ

4. Break if Ã % � C n&Á % � C �Ë× ¾
5. Output: �Ø=vÍ¼Î°�qÏ ~Ð~aÑ�Ò w Ô4Ù°Ú�Û#Ü @Â<dE | }o~q� @-ZjI4Xc¾ È I
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3 DetailedAnalysis

3.1 Weak learning and margins

The standardassumptionmadeon the baselearningalgorithmin the PAC-Boosting
settingis that it returnsa hypothesis' from a fixed set Ý that is slightly betterthan
randomguessingonany trainingset.1 Moreformally thismeansthattheerrorrate �� is
consistentlysmallerthan �	 
 �	 �� . Notethattheerrorrateof �	 (i.e. �� � : ) couldeasily
be reachedby a fair coin, assumingboth classeshave the sameprior probabilities.
Thus,this requirementis theleastwe canexpectfrom a learningalgorithm[4].

Theerrorrate �� is definedasthefractionof pointsthataremisclassified.In Boost-
ing this is extendedto weightedsamplesetsandonedefines

�� ��Þ ´ ' � �
5ß
.#0 � �(.¤à

� 6 .âá�äã * ª , � ' ��� . ����� ´

where ' is the hypothesisreturnedby the baselearnerand à is the identity function
with à ��å�æcçdè � � 
 and à ��é�ê ¨ ã è � � : . Theweighting Þ � ³ � � ´ÐëÐëÐë�´Y� 5 µ of theexamples
is suchthat �(.Æì : and � 5.#0 � �(. � 
 . A moreconvenientquantityto measurethe
quality of thehypothesis' is theedge �� ��Þ ´ ' � � � 5.�0 � �L. 6 . ' ��� . � [1], which is an
affine transformationof �� ��Þ ´ ' � , if ' ��� ��í ® 
 
�´qî¤
°± : �� ��Þ ´ ' � � �	 
 �	 �� ��Þ ´ ' � . Recall
from Section1 the definition of the margin �ï �4ð ´Yñ � � 6 � � ��� � of a given example
ñ � ��� ´ 6 � .

Supposewewouldcombineall possiblehypothesesfrom Ý (assumingÝ is finite),
thenthe following well-known theoremestablishesthe connectionbetweenmargins
andedges:

Theorem 1 (Min-Max-Theor em [16], seealso[3, 1]).

� ­ � )9*-,ò ) ê°óô�õ#ö �� ��Þ ´ ' � � ) ê°ó� )+*-,.#0 ��132323241 5 �ï �4ð ´Yñ#. � � � ­ ´ (1)

where Þ í7÷ 5 , ð í�÷+ø ö ø and ÷úù is the û -dimensionalprobabilitysimplex.

Thus,theminimal edge �� that canbeachieved over all possibleweightings Þ of
the training set is equalto the maximal margin of a combinedhypothesisfrom Ý .
Also, for any non-optimalweightings Þ and ð we alwayshave ) ê°ó ô�õ#ö �� ��Þ ´ ' ��8
)+*-, .#0 ��132323241 5 �ï �4ð ´Yñ . � . So,assumingthat the baselearningalgorithmperformsopti-
mal, i.e. maximizestheedgefor agiven Þ , onecanconclude�� ì;�� (cf. Algorithm 1).
If thebaselearningalgorithmguaranteesto returnahypothesiswith edgeat least �� for
any weighting,thereexistsa combinedhypothesiswith margin at least �� . If �� � � ­ ,
i.e. thelowerbound �� is largestpossible,thenthereexistsacombinedhypothesiswith
margin exactly �� � ��­ . Fromthis discussionwe canderive a sufficient conditionon
thebaselearningalgorithmto reachthemaximalmargin: If it returnshypotheseswith
edgeatleast� ­ , oneis ableto combinethesehypotheseswith margin � ­ . Thisexplains
theterminationcondition(cf. step4 in Algorithm 1).

1In thePAC setting,thebaselearneris allowed to fail with probability ü . Sincewe areseekingfor
simplepresentation,we ignorethis facthere.Our algorithmcanbeextendedto thiscase.
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Note, for AdaBoost
¦

it sofar hasonly beenshown that it asymptoticallyachieves
a margin of at least ��­ ·�¶ [11]. We aim to find an algorithm that approximatesthe
maximummargin solutionup to any precisionin few iterations.

3.2 Convergencepropertiesof AdaBoost�
Wenow analyzeaslightly generalizedversionof Algorithm 1, where � is notfixedbut
could be adaptedin eachiteration. We thereforeconsidersequences®#� � ±Ðý� 0 � , which
might eitherbe specifiedbeforerunningthe algorithmor computedbasedon results
during the algorithm. For instance,the ideaproposedby [1] is to set � � � �� � ¬��Ëþ �)+*-,/.#0 ��132323241 5 �ï �4ð � ¬�� ´Yñ#. � , which leadsto Arc-GV. Weareansweringthequestionhow
goodAdaBoostÿ � "�� is ableto increasethemargin andboundthefractionof examples,
which have a margin smallerthansay � . This leadsto a theoremgeneralizingThm.5
in [4] for thecase�Ëá� : :
Theorem 2 ([11, 9]). Let �� � ´ÐëÐëÐë¼´#�� ý be the edgesof ' � ´ÐëÐëÐë�´ ' ý that are generated
by Algorithm1 and 
 
��ä� � �m�� � for

� � 
�´ÐëÐëÐë�´�� . Thenfor all � í ³ 
 
�´�
aµ

�

5ß
.�0 � à

� 6 . � ��� . � ��� � � ý�
� 0 �

	 
 
 �� �

 
 � ��
 ��¬
� 	 
 î �� �


 î�� ��
 ��«�� ´ (2)

where
�

is thefinal hypothesis.Furthermore, for ��� )+*Â, � 0 ��1323232 1 ý � � ,

�

5ß
.#0 � à

� 6 . � ��� . � ��� � � èOó���� 
 ýß
� 0 ��� 	 � � � ´(�� � ��� ´ (3)

where � 	 � �\´L���� þ � ��« �	 ¨B©#ª ��« ���«��� î ��¬ �	 ¨B©#ª ��¬ ���¬��� is thebinary relativeentropy.

Thus,thealgorithmmakesprogressreducingtherhs.of (2), if thetermunderthe
square-rootis smallerthenone. This is e.g.thecaseif �� � largecomparedto � and � �
or, by (3), if ��� � ��� �� � (cf. step4 in Algorithm 1). Thelarger �� � , themoreprogress
onemakes.

Supposewe would like the reacha margin � on all training examples,wherewe
obviouslyneedto assume���ä��­ . Thenthequestionarises,whichsequenceof ®#� � ±Ðý� 0 �
oneshoulduseto find acombinedhypothesisin asfew iterationsaspossible.Onecan
bound �5 � 5.#0 � à � 6 . � ��� . � ��� � � (2) �! ý � 0 � èOó"� ®#�L§ � î ¨B©#ª �$ � ± , where§ � is given
in step(3c) and �$ � � ��« �	 èOó"�¼�F
 § � � î ��¬ �	 èOó��¼� § � � is a upperbound[14] on

$ � as
usedin step(3d) of Algorithm 1. We achieve a minimumof the left handside,if we
independentlychose� � in eachiteration

�
suchthat èOó�� ®#�L§ � î ¨B©#ª �$ � ± is minimized.

Settingthederivative with respectto � � to zeroandsolvingfor � � yields � �N� � . Soit
turnsout that oneshoulduse � �&% � , independentlyhow thebaselearnerperforms!
Thisexplainswhy weuse � �(' © , ã å .

The numberof iterationsneededto achieve a margin of at least � canbe upper
bounded:

Corollary 3. Assumethebaselearneralwaysachievesanedge �� � ìä� ­ . If �)�ä� ­ 
 � ,
� 8 : , thenAdaBoost� will converge to a solutionwith margin of at least � on all

examplesin at most * 	,+.-0/�1 5324 È 5 îä
 steps.
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Proof. We use(3) for � % � , yielding (3) � èOó�� ® 
 � � �	 � � 
 �� � � 	 ±6� èOó�� ® 
 ý 4 È	 ±(´
whereweuseaboundon thebinaryentropy. If èOó"� ® 
 ý 4 È	 ± � �5 , thereis noexample
left with margin smallerthan � , whichprovesthecorollary.

3.3 Convergenceof Mar ginal AdaBoost

Sofarwe have alwaysconsideredthecasewherewe alreadyknow somepropervalue
of � . Let usnow assumethecasethat themaximumachievablemargin is � ­ andwe
would like to achieve amargin of � ­ 
 � . Ouralgorithmguessesavalueof � ­ starting
with : . We needto understandwhathappensif our guessis too high, i.e. � 8 ��­ , or
too low, i.e. � � � ­ ?

First, if � 8 ��­ , thenonecannotreachthemargin of � sincethemaximumachiev-
ablemargin is � ­ . By Corollary3, if AdaBoost� hasnot reachedamargin of at least �
in ¶ ¨B©#ª � � � · � 	 steps,we canconcludethat � 8 � ­ 
 � (cf. step(3b) in Algorithm 2).
This is theworstcase.Thebettercaseis, if thedistribution Þ generatedby AdaBoost�
will betoo difficult for thebaselearnerandit eventuallyfails to achieve anedge �� of
at least � andAdaBoost� will stop(cf. stoppingconditionin Algorithm 1).

Second,assume� is chosento low, say � � � ­ 
 � , thenoneachievesamargin of
� in a few stepsby Corollary3 . Sincethemaximummargin is alwaysgreaterthata
certainachievedmargin, onecanconcludethat � ­ ìä� (cf. step(3b) in Algorithm 2).

Notethatthereis asmallgap in theproposedbinarysearchprocedure:Wearenot
ableto identify thecase��­ 
 �)�ä�)�ä�#­ efficiently. Thismeansthatwecannotreduce
thelengthof thesearchinterval by exactlyafactorof two in each iteration.Thismakes
the analysisslightly moredifficult, but eventually leadsto the following theoremon
theworst caseperformanceof Marginal AdaBoost:

Theorem 4. Assumethebaselearneralwaysachievesan edge ���� ìm� ­ . ThenAlgo-
rithm 2 will finda combinedhypothesis

�
thatmaximizesthemargin upto accuracy ½ �

in at most * 	7+.-0/�1 5324 È î 
 5 * ¨-©#ª 	 � 
 · � � î 
 5 callsof thebaselearner. Thefinal hypothesis

combinesat most * 	8+.-0/#1 5324 È îä
 5 basehypotheses.

Proof. SeeAlgorithm 2 for definitionsof » ¯ ´Yº ¯ ´(�� ¯ ´D�� ¯ .
We claim that in any iteration »`¯?ì ��­Wì ºÂ¯ . We show, if »`¯ ¬�� ì��#­âì;ºÂ¯ ¬�� ,

then »]¯Wì � ­ ì º-¯ for all ¹ � 
�´ÐëÐëÐë¼´Y¸ . It holds º � ì � ­ ì » � (inductionstart).
By assumption �� � 1 ¯ ì ��­ and we may set »]¯ «¼� � )+*-,/¯:9F0 ��132323241 ¯�)+*-, � 0 ��132323241 ý �� � 1 ¯ .
By Theorem1 holds � ­ ì ��°¯ for all ¹ � 
�´ ¶ ´ÐëÐëÐë and,hence,we may set º-¯ «¼� �) ê°ó ¯;9Y0 ��132323241 ¯���H¯:9 . Wehave to considertwo cases.(a) ��°¯ ì �°¯ and(b) ��H¯ � �°¯ . In case
(b) we have anadditionaltermin »`¯ «¼� , which follows from �H¯ î ��ì � ­ , justifiedby
�� ¯ � � ¯ andTheorem2.

By construction,the lengthof interval ³ ºÂ¯°´�»]¯cµ is (almost)decreasedin eachitera-
tion by a factorof two. We show »`¯ 
 º-¯<� ¶ ¬ ¯ «¼� î ¶ � . In case(a) the interval is
reducedby at leasta factorof two. Theworstcaseis if always(b) happens:

»]¯ 
 ºÂ¯ � �H¯�îÊ� 
 º-¯
� �H¯ ¬�� îÊ��î º-¯ ¬��¶ îÊ� 
 º-¯
� �H¯ ¬�� îÊ��î º-¯ ¬�� î ¶ � 
 ¶ º-¯

¶
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� �°¯ ¬7= î � � = > 0 ¦ ¶ = î � = > 0 � ¶ =�¬ > ºÂ¯ ¬ > 
 ¶ = º-¯¶ =
� �°¯ ¬7= î �4¶ =a«¼� 
 
 � � î � = > 0 � ¶ =Ð¬ > º-¯ ¬ > 
 ¶ = ºÂ¯¶ =
� � � î �4¶ ¯ 
 
 � ��î � ¯ ¬��> 0 � ¶ ¯ ¬���¬ > ºÂ¯ ¬ > 
 ¶ ¯ ¬�� º-¯¶ ¯ ¬�� ë

Since º-¯ is non-decreasing,� = > 0 � ¶ ¯ ¬���¬ > ºÂ¯ ¬ > 
Æ¶ ¯ ¬�� ºÂ¯ is maximizedfor º-¯ �?' © , ã å ,
i.e. � = > 0 � ¶ ¯ ¬���¬ > ºÂ¯ ¬ > 
 ¶ ¯ ¬�� º-¯@� º-¯ � ¯ ¬ 	> 0 ¦ ¶ > 
 ¶ ¯ ¬�� ºÂ¯ � ºÂ¯ �4¶ ¯ ¬�� 
 
 
 ¶ ¯ ¬�� � � 
 ºÂ¯ .
Wecontinueby using � � � : and )+*Â, ¯ º ¯ � 
 
 :� �4¶ ¯ 
 
 � � 
 º-¯

¶ ¯ ¬��� 

¶ ¯ ¬�� î ¶ �(ë

Thusafter ¸ � * ¨B©#ª 	 � 
 · � � 5 stepswehave » ² «¼� 
 º ² «¼� ��A�� and ��­ 
 º ² «¼� ��A�� .
Now we run AdaBoostBDC � C ¬ 4 �FE ´ ¶ ¨B©#ª � � � · � 	 � andachieve a margin of at least

º ² «¼� 
 � by Corollary3. This canonly be ½ � away from �#­ .
We called ¸ î 
 � * ¨B©#ª 	 � 
 · � � î 
 5 times Algorithm 2, each time calling* ¶ ¨B©#ª � � � · � 	 î 
 5 timesthe baselearningalgorithm. Algorithm 2 returnsonly the

lasthypothesis,combiningonly * ¶ ¨B©#ª � � � · � 	 îä
 5 basehypotheses.

3.4 Infinite HypothesisSpaces

Sofar we have implicitly assumedthat the hypothesisspaceis finite. In this section
we will show that this assumptionis (often)not necessary. Also note,if theoutputof
thehypothesesis discrete,thehypothesisspaceis effectively finite [10]. For infinite
hypothesisspaces, Theorem1 canberestatedin aweaker form as:

Theorem 5 (WeakMin-Max).

� ­ þ � )+*-,ò ã çG�ô�õ#ö
5ß
.#0 � 6 .

' ��� . � �(.�ì ã çG�� )+*-,.�0 ��132323241 5 6 .
ß
�IH  "KJ ¦ § � ' � ��� . � � þ � ­ ´ (4)

where Þ íML 5 , ð íNL+ø ö ø with finitesupport.Wecall O � � ­ 
 ��­ the“duality gap”.

In particularfor any Þ íPL 5 : ã çG� ô�õ�ö � 5.�0 � 6 . ' ��� . � �L. ì � ­ andfor any ð íL ø ö ø with finite support: )+*-, .#0 ��132323241 5 6 . � �IH  #" J ¦ § � ' � ��� . � �ä� ­ .
In theorytheduality gapexists. However, Theorem2 andTheorem4 do not as-

sumefinite hypothesisspacesandshow thatthemargin will convergearbitrarily close
to ��­ , aslong asthebaselearningalgorithmcanreturna singlehypothesisthathasan
edgenot smallerthan � ­ .

In otherwords,thedualitygapmayresultfrom thefactthatthe ã çQ� ontheleft side
cannot be replacedby a ) ê°ó , i.e. theremight not exists a singlehypothesis' with
edgelarger or equalto � ­ . By assumingthat the baselearneris alwaysableto pick
goodenoughhypotheses( ìä�#­ ) oneautomaticallygetsthat O � : (by Theorem2).

Under certainconditionson Ý this maximumalways exists and strongduality
holds(seee.g.[10, 9, 6] for details):



Experimental Illustration 8

Theorem 6 (Strong Min-Max). If ®�³ ' ��� � � ´ÐëÐëÐë�´ ' ��� 5 � µ)R ' í Ý ± is compact,thenO � : .
In generalthis requirementcan be fulfilled by baselearningalgorithmswhose

outputscontinuouslydependonthedistribution Þ . Furthermore,theoutputsof thehy-
pothesesneedto bebounded(cf. step3ain Algorithm 1). Thefirst requirementmight
bea problemwith baselearningalgorithmssuchassomevariantsof decisionstumps
or decisiontrees. However, thereis a simple trick to avoid this problem: Roughly
speaking,at eachpoint with discontinuity �Þ , oneaddsall hypothesesto H that are
limit pointsof S �FE ´ ÞUT � , where ® Þ�T ±WVT 0 � is anarbitrarysequenceconverging to �Þ andS �FE ´ Þ � denotesthehypothesisreturnedby thebaselearningalgorithmfor weightingÞ andtrainingsampleE [9].

4 Experimental Illustration

Firstof all, wewould like to notethatweareawareof thefactthatmaximizingthe
margin of theensembledoesnot leadin all casesto animprovedgeneralizationperfor-
mance.For fairly noisydatasetseventheoppositehasbeenreported(cf. [8, 1, 5, 11]).
However, at leastfor well separabledatathetheoryappliesfor hard margins. Hence,
oneshouldbeableto measuredifferencesin thegeneralizationerror, if onefunction
approximatelymaximizesthe margin while anotherfunction doesnot, assimilar re-
sultsin [13] on amulti-classopticalcharacterrecognitionproblem.
Here we can report experimentson artificial dataonly to (a) illustrate how our al-
gorithm works and (b) how it comparesto AdaBoost.
Our datais 100 dimensionalandcontains98 nuisance
dimensionswith uniform noise. The othertwo dimen-
sionsareplottedexemplaryin Figure1. For trainingwe
useonly 100examplesandthereis obviously theneed
to carefullycontrolthecapacityof theensemble.
As baselearningalgorithmwe useC4.5decisiontrees
provided by RossQuinlan [7] usingan option to con-
trol thenumberof nodesin thetree.Wehave setit such
that C4.5generatestreeswith aboutthreenodes.Oth-
erwise,the baselearneroften classifiesall training ex-
amplescorrectlyandover-fits thedataalready. Further-

0 1 2 3 4
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−0.5

0

0.5

1

1.5

2

2.5

3

Figure 1: The two discriminative
dimensionsof our separableone
hundreddimensionaldataset.

more,sincein this casethe margin is alreadymaximal(equalto 1), both algorithms
wouldstopsince �� � 
 . Wethereforeneedto limit thecomplexity of thebaselearner,
in goodagreementwith theboundson thegeneralizationerror[13].
In Figure2 (left) we seea typical run of Marginal AdaBoostfor ��� : ë-
 . It calls
AdaBoost� threetimes.Thefirst call of AdaBoost� for � � : alreadystopsafterfour
iterations,sinceit hasgeneratedaconsistentcombinedhypothesis.Thelowerboundº
on �#­ ascomputedby ouralgorithmis º � : ë :,X andtheupperbound» is : ëDY ½ (cf. step
3bin Algorithm 2). Thesecondtime � is chosento bein themiddleof theinterval ³ º�´�»`µ
andAdaBoost� reachesthemargin of � � : ëDZ/
 after80 iterations.Theinterval is now
³ : ëDZ/
�´ : ë X[X µ . Sincethe lengthof the interval » 
 º � : ë ¶ X is smallenough,Marginal
AdaBoostleavesthe loop throughexit condition4, callsAdaBoost� the last time for
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C4.5 AB Marginal AB\&]_^ . X ë ½ � : ë-
#
#` ½ ë : � : ë-
#
#` A\ëDa � : ë-
 : `
� — : ëDA/
 � : ë : 
 : ëDZ[b � : ë : 

wins 
 ·�¶ :#: Z[Y ·�¶ :#: 
 ½ : ·�¶ :#:

Table1 Estimatedgeneralizationperformancesandmarginswith confidenceintervals
for decisiontrees(C4.5),AdaBoost(AB) andMarginal AB on the toy data.The last
row shows thenumberof timesthealgorithmhadthesmallesterror. All numbersare
averagedover200splitsinto 100trainingand19900testexamples.

� � » 
 � � : ë ½ 
 andfinally achievesa margin of �� � : ëDZ[Z . For comparisonwe also
plot themarginsof thehypothesesgeneratedby AdaBoost(cf. Figure2 (right)). One
observesthat it is not ableto achieve a large margin efficiently ( �� � : ëDA X after1000
iterations).
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Figure 2 Illustration of the achieved margin of Marginal AdaBoost (left) and
AdaBoost

¦
(right) at eachiteration.Our algorithmcallsAdaBoost� threetimeswhile

adapting � (dash-dotted). We also plot the valuesfor º and » as in Algorithm 2
(dashed).

In Table1 we seetheaverageperformanceof thethreeclassifiers.For AdaBoost
we combined200hypothesesfor thefinal prediction.For Marginal AdaBoostwe use
� � : ë-
 andlet the algorithmcombineonly 200 hypothesesfor the final prediction
to get a fair comparison. We seea large improvementof both ensemblemethods
comparedto thesingleclassifier. Thereis alsoaslight,but – accordingto aT-testwith
confidencelevel Y[b8` – significantdifferencebetweenthegeneralizationperformances
of both boostingalgorithms. Note alsothat the margins of the combinedhypothesis
achievedby MarginalAdaBoostareonaveragealmosttwiceaslargeasfor AdaBoost.
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5 Conclusion

Weproposedaboostingalgorithmthatapproximatelymaximizesthemargin of anen-
semble.To thebestof our knowledgethis is the first resulton the non-asymptotical
convergenceof a boostingalgorithmto themaximummargin solutionthat is valid if
thehypothesisspaceis infinite. We have shown theoreticallyandempiricallythatour
algorithmconvergesquite fastto themaximummargin solution,whereastheoriginal
AdaBoostalgorithmis not ableto achieve a largemargin. We couldprove this result
without assumingadditionalpropertiesof thebaselearningalgorithm.In a toy exper-
imentwe have illustratedthevalidity of ouranalysisandalsothata largermargin can
decreasethegeneralizationerrorwhenlearningon high dimensionaldatawith a few
informative dimensions.
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