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Introduction 1

Abstract

We give an unified convergence analysis of ensemble learning methods
including e.g. AdaBoost, Logistic Regression and the Least-Square-Boost
algorithm for regression. These methods have in common that they iter-
atively call a base learning algorithm, which returns hypotheses that are
then linearly combined. We show that these methods are related to the
Gauss-Southwell method known from numerical optimization and show lin-
ear convergence for all these methods. Our analysis includes `1 regularized
cost functions leading to a clean and general way to regularize ensemble
learning.

1 Introduction

We show the non-asymptotical convergence of ensemble learning methods such
as AdaBoost [FS97], Logistic Regression (LR) [FHT98, CSS00] and the Least-
Square (LS) regression algorithm called LS-Boost [Fri99]. These algorithms
have in common that they iteratively call a base learning algorithm L (also
called weak learner) on a weighted training sample. The base learner is ex-
pected to return in each iteration t a hypothesis ĥt from some hypothesis space
H that has small weighted training error.1 These hypotheses are then linearly
combined to form the final or combined hypothesis fα̂(x) =

∑
t α̂tĥt(x). The

hypothesis coefficient α̂t is determined at iteration t, such that a certain objec-
tive is minimized or approximately minimized, and is fixed for later iterations.
We will work out sufficient conditions on the base learning algorithms to achieve
linear convergence, which means that for any starting condition the optimum
can be reached with precision ε > 0 in only O(log(1/ε)) iterations.

Relation to Previous Work For AdaBoost and Logistic Regression it has
been shown [CSS00] that they generate a combined hypothesis asymptotically
minimizing a loss functional G only depending on the output of the combined
hypothesis fα. However, the assumed conditions in [CSS00] on the performance
of the base learner are rather strict and can usually not be satisfied in practice.
Although the analysis in [CSS00] holds in principle for any strictly convex cost
function of Legendre-type (e.g. [Roc70], p. 258, and [BB97]), one needs to show
the existence of a so-called auxiliary function [DDL97, CSS00] for each cost
function other than the exponential or the logistic loss. This can indeed be
done [cf. Rät01, Section 4.2], but in any case only leads to asymptotical results.

In an earlier attempt to show the convergence of such methods for arbitrary
loss functions [MBBF00], one needed to assume that the hypothesis coefficients
α̂t are upper bounded by a rather small constant. For this case it has been
shown that the algorithm asymptotically converges to a combined hypothesis
minimizing G. However, since the α̂t’s need to be small, the algorithm requires
many iterations to achieve this goal.

In [DH00] it has been shown that for loss functions which are (essentially)
exponentially decreasing (including the loss functions of AdaBoost and Logistic

1This is the weighted number of false predictions in classification and weighted estimation
error in regression
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regression), the loss is O(1/
√
t) in the first t̃ iterations and afterwards O(ηt̃−t).

This implies linear convergence.2 However, this only holds, if the loss reaches
zero, i.e. if the data is separable.

In this paper we propose a family of algorithms that are able to generate
a combined hypothesis f converging to the minimum of G[f ] (if it exists),
which is a functional depending on the outputs of the function f evaluated
on the training set. Special cases are AdaBoost, Logistic Regression and LS-
Boost. While assuming mild conditions on the base learning algorithm and
the loss function G, we can show linear convergence rates [Lue84] of the type
G[ft+1] − G[f∗] ≤ η(G[ft] − G[f∗]) for some fixed η ∈ [0, 1). This means that
the difference to the minimum loss converges exponentially fast to zero (in the
number of iterations). A similar convergence has been proven for AdaBoost
in the special case of separable data [FS97], although the constant η shown in
[FS97] can be considerable smaller [see also DH00]. To prove the convergence
of leveraging, we exploit results of Luo & Tseng [LT92] for a variant of the
Gauss-Southwell method known from numerical optimization.

Since in practice the hypothesis space H can be reasonable large, ensem-
ble learning algorithms without any regularization often suffer from overfitting
[ROM98, Fri99, BDST00]. Here, the complexity can only be controlled by
the size of the base hypothesis space or by early stopping after a few itera-
tions. However, it has been shown that shrinkage regularization implied by
penalizing some norm of the hypothesis coefficients is the favorable strategy
[Cop83, Vap95, Fri99]. We therefore extend our analysis to the case of `1-norm
regularized loss functions. With a slight modification this leads to a family of
converging algorithms that e.g. includes the Leveraged Vector Machine [Sin00]
and a variant of LASSO [Tib94].

In the following we briefly review AdaBoost, Logistic Regression, and LS-
Boost in Section 2 and cast them in a common framework. In Section 3 we
present our main results. After relating these results to leveraging algorithms,
we present an extension to regularized cost functions in Section 4 and finally
conclude.

2 Leveraging algorithms revisited

We first briefly review some of the most well known leveraging algorithms for
classification and regression. For more details see e.g. [FS97, FHT98, Fri99,
DH99]. We work with Algorithm 1 as a template of a generic leveraging algo-
rithm, since these algorithms have the same algorithmical structure. Finally,
we will generalize the problem and extend the notation.

2.1 AdaBoost & Logistic Regression

Both methods are designed for classification tasks. In each iteration they call
a base learning algorithm on the training set S = {(x1, y1), . . . , (xN , yN )} ⊆
X × {−1,+1} (cf. step 3a in Algorithm 1). Here a weighting dt = [dt1, . . . , d

t
N ]

2For AdaBoost holds t̃ = 0, which has already been shown before in [FS97].



Leveraging algorithms revisited 3

on the sample is used that is recomputed in each iteration t. The base learner is
expected to return a hypothesis ĥt from some hypothesis space3 H := {hj | hj :
X 7→ {−1,+1}, j = 1, . . . , J} that has a small weighted classification error
εt =

∑N
n=1 |dtn|I(yn 6= ĥt(xn)) [FS97, FHT98], where I(true) = 1 and I(false) =

0. Notice, that different from common convention, we include the label yn
in the weighting dn to make the presentation simpler. We therefore use |dtn|
instead of dtn. An equivalent requirement can be formulated in terms of the
edge, which is given by γ̂t =

∑N
n=1 yn|dtn|ĥt(xn) =

∑N
n=1 d

t
nĥt(xn) and is an

affine transformation of εt [Bre97]. After selecting the hypothesis, its weight
α̂t is computed such that it minimizes a certain functional (cf. step 3b). For
AdaBoost this is

GAB(α̂) =
N∑
n=1

exp
{
−yn

(
α̂ĥt(xn) + ft−1(xn)

)}
(1)

and for Logistic Regression it is

GLR(α̂) =
N∑
n=1

log
{

1 + exp
(
−yn(α̂ĥt(xn) + ft−1(xn))

)}
, (2)

where ft−1 is the combined hypothesis of the previous iteration given by

ft−1(xn) =
t−1∑
r=1

α̂rĥr(xn). (3)

For AdaBoost it has been shown that α̂t in (1) can be computed analytically.
For LR there exist analytic approximations of the minimum of (2). Based on
the new combined hypothesis the weighting d on the sample is updated:

dt+1
n = yn exp(−ynft(xn)) and dt+1

n = yn
exp(−ynft(xn))

1 + exp(−ynft(xn))
, (4)

for AdaBoost and Logistic Regression, respectively. The initial weighting d1 is
a fixed constant, which could in principle be arbitrary. In particular, d1

n = 1
and d1

n = 1
2 (n = 1, . . . , 1), respectively, can be used resulting from (4), when

setting f0 = 0.
In [SS98] the so-called confidence rated boosting has been proposed. Here

one uses real valued base hypotheses. One finds the hypothesis weight α̂t and
the hypothesis ĥt in parallel, such that (1) is minimized. This algorithm is
similar to the next approach.

2.2 Least-Square-Boost

This algorithm is designed to solve regression tasks [Fri99]. In this case S =
{(x1, y1), . . . , (xN , yN )} ⊆ X ×Y and some finite hypothesis set H := {hj | hj :

3Notice thatH always contains only a finite number of different hypotheses when evaluated
on the training set and is effectively finite [BDST00].
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Algorithm 1 – A Leveraging algorithm for the loss function G.

1. Input: S = 〈(x1, y1), . . . , (xN , yN )〉, No. of Iterations T

Loss function G : RN → R

2. Initialize: f0 ≡ 0, d1
n = g′(yn, f0(xn)) for all n = 1 . . . N

3. Do for t = 1, . . . , T ,

(a) Train classifier on {S,dt} and obtain hypothesis ĥt : X → Y

(b) Set α̂t = argminα∈RG[ft + αĥt]

(c) Update ft+1 = ft + α̂tĥt and dt+1
n = g′(yn, ft+1(xnl)), n = 1, . . . , N

4. Output: fT

X 7→ Y, j = 1, . . . , J}, where Y is a bounded subset of R. LS-Boost works in a
similar way as AdaBoost and LR. It first selects a hypothesis solving

ĥt = argmin
ĥ∈H

1
2

∑N

n=1

(
dtn − ĥ(xn)

)2
, (5)

and then finds the hypothesis weight α̂t by minimizing the squared error of the
new combined hypothesis:

GLS(α̂) =
1
2

∑N

n=1

(
yn − ft−1(xn)− α̂ĥt(xn)

)2
. (6)

The “weighting” of the sample is computed as dt+1
n = yn − ft(xn), which is

actually the residual of ft [Fri99]. In a second version of LS-Boost, the base
hypothesis and its weight are found simultaneously by solving [Fri99]:

[ĥt, α̂t] = argmin
α̂∈R,ĥ∈H

1
2

∑N

n=1

(
yn − ft−1(xn)− α̂ĥ(xn)

)2
(7)

We call this the maximum improvement scheme. Since in (7) one reaches a lower
loss function value than in (5) and (6), it might be the favorable strategy. We
will in fact show that using (5) and (6), one may not converge (cf. Section 3.2).

2.3 The General Case

These algorithms can be summarized4 in Algorithm 1 for an appropriate func-
tion-pair G and g′: plug-in G[f ] =

∑N
n=1 g(yn, f(xn)) and choose g as g(y, f(x))

= exp(−yf(x)) for AdaBoost (cf. (1)), and g(y, f(x)) = log(1 + exp(−yf(x)))
for Logistic Regression (cf. (2)) and g(y, f(x)) = 1

2(y − f(x))2 for LS-Boost
(cf. (6)). It can easily be verified that the function g′, used for computing
the weights d, is the derivative of g with respect to the second argument
[Bre97, Fri99], i.e. g′(y, o) = [0, 1](∇[y,o] g(y, o)).

4Here, the maximum improvement scheme as in (7) is slightly degenerated, but can, how-
ever, be understood as a special case (cf. Section 3.2).
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2.4 The Optimization Problem

It has been argued in [Bre97, ORM98, FHT98, MBBF00] and finally shown in
[CSS00] that AdaBoost and Logistic Regression asymptotically converge to a
combined hypothesis f minimizing the respective loss G on the training sample,
where f is a linear combination of hypotheses from H, i.e.

fα ∈ lin(H) :=


J∑
j=1

αjhj | hj ∈ H, αj ∈ R

 .

Thus, they solve the optimization problem:

min
f∈lin(H)

G[f ] = min
α∈RJ

G(Hα), (8)

where we defined a matrix H ∈ RN×J with Hnj = hj(xn).
To avoid confusions, note that hypotheses and coefficients generated during

the iterative algorithm are marked by a hat. In the algorithms discussed so
far, the optimization takes place by employing the leveraging scheme outlined
in Algorithm 1. The output of such an algorithm is a set of pairs (α̂t, ĥt) and
a combined hypothesis ft(x) =

∑t
r=1 α̂rĥr(x). With

αtj =
t∑

r=1

α̂rI(ĥr = hj), j = 1, . . . , J, (9)

it is easy to verify that
∑t

r=1 α̂rĥr(x) =
∑J

j=1 α
t
jhj(x), which is in lin(H) (note

the missing hat, cf. (3)).

2.5 Preliminaries

Throughout the paper we assume the loss function G is of the form

G[fα] = G(Hα) =
N∑
n=1

g(yn, fα(xn)),

Although, this assumption is not absolutely necessary, the presentation becomes
easier. In [CSS00] a more general case of Legendre-type cost functions is con-
sidered. However, note that additive loss functions are commonly used, if one
considers samples drawn i.i.d. from some source.

We assume that each element Hnj and yn is finite (j = 1, . . . , J , n =
1, . . . , N) and H does not contain a zero column. Furthermore, the function
g(y, ·) : R→ R is assumed to be strictly convex for all y ∈ Y.

For simplicity we assume for the rest of the paper that H is finite and
complementation closed, i.e. for every h ∈ H there exists also −h ∈ H. The
assumption on the finiteness is not crucial for classification (cf. footnote 3).
For regression problems the hypothesis space might be infinite. This case has
explicitely been analyzed in [RDB00, Rät01] and goes beyond the scope of this
paper.
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3 Main Result

We now state some results known from the field of numerical optimization.
Then we show how the reviewed leveraging algorithms fit into this framework.

3.1 Coordinate Descent

The idea of coordinate descent is to iteratively select a coordinate, say the j-th,
and find αj such that some functional F([α1, . . . , αj , . . . , αT ]>) is minimized
with respect to αj . There exist several different selection strategies for the
coordinates [e.g. Lue84, Ber95], however, we are in particular interested in
the Gauss-Southwell -type (GS) selection scheme: It selects the coordinate that
has the largest absolute value in the gradient vector µ := ∇F(α), i.e. j =
argmaxj′=1,... ,J |µj′ |. Instead of doing steps in the direction of the negative
gradient as in standard gradient descent methods, one only changes the variable
that has the largest gradient component.

We start with the following general convergence result, which seemed to be
fallen into oblivion even in the optimization community. It will be very useful
in the analysis of leveraging algorithms.

Theorem 1 (Convergence of Coordinate Descent [LT92]). Suppose G :
R
N→R is twice continuously differentiable and strictly convex on dom G. As-

sume that dom G is open, the set of solutions S∗ ⊂ RJ to

min
α∈S

F(α), where F(α) = G(Hα) + γ>α (10)

is not empty, where H ∈ RN×J is a fixed matrix having no zero column, γ ∈ RJ
fixed and S ⊆ R

J is a (possibly unbounded) box-constrained set. Further-
more assume that the Hessian ∇2 G(Hα∗) is a positive definite matrix for all
α∗ ∈ S∗. Let {αt} be the sequence generated by coordinate descent, where the
coordinate selection j1, j2, . . . satisfies the following β-optimality criterion:

|αt+1,jt
jt

− αtjt | ≥ β max
j=1,... ,J

|αt+1,j
j − αtj | (11)

for some β ∈ (0, 1], where αt+1,j
j is the optimal value of αt+1

j if it would be
selected,5 i.e.

αt+1,j
j := min

α∈Sj
G
(
Hαt +Hj(α− αtj)

)
+ γjα. (12)

Then, {αt} converges to an element in S∗.

This theorem is slightly more general than we currently need.6 In this
section we consider only S = R

J and γ = 0. To simplify notation let in the
following ∂j =

∣∣∣∂ F(αt)
∂αj

∣∣∣ =
∣∣∣∂G(Hαt)

∂αj
+ γj

∣∣∣.
The coordinate selection defined in the theorem is slightly different from

the Gauss-Southwell selection rule described before. We therefore need the
following:

5For convenience, let the rest of the vector be unchanged, i.e. αt+1,j
j′ = αtj′ , for all j 6= j′.

6[LT92] also prove the (linear) convergence for an almost cyclic selection scheme.
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Proposition 2 (GS scheme on RJ). Assume the conditions on G, F, H, γ
and S = R

J as in Theorem 1. Let Sb be a convex subset of S. Then a coordinate
selection j1, j2, . . . starting at α0 satisfying

1. ∂jt ≥ δ max
j=1,... ,J

∂j, for some fixed δ ∈ (0, 1] (t = 1, 2, . . . ),

2. αt,j ∈ Sb (j = 1, . . . , J , t = 1, 2, . . . ),

3.
∂2 G(Hα)

∂α2
j

≤ ηu, and
∂2 G(Hα)

∂α2
j

≥ ηl, for some fixed ηl, ηu > 0 and any

α ∈ Sb, j = 1, . . . , J

also satisfies condition (11) of Theorem 1.

Thus the approximate Gauss-Southwell method on RJ as defined above con-
verges in the sense of Theorem 1.

Proof. We first bound |λ∗j | := |α
t+1,j
j − αtj |. By condition 3 we have∣∣∣∣∂G(Hαt)

∂αj
− ∂G(Hαt + λjHj)

∂αj

∣∣∣∣ ≥ |λj |ηl.
By (12) holds

∂G(Hαt+λ∗jHj)

∂αj
+ γj = 0 and we have |λ∗j | ≤ 1

ηl
∂j , j = 1, . . . , J .

By a symmetric argument we also have |λ∗jt | ≥
1
ηu
∂jt , for all j = 1, . . . , J .

Condition 1 implies

|αt+1,jt
jt

− αtjt |
|αt+1,j
j − αtj |

=
|λ∗jt |
|λ∗j |

≥
1
ηu
∂jt

1
ηl
∂j
≥ δηl
ηu

∀j = 1, . . . , J.

Thus, (11) is satisfied for β = δηl
ηu

> 0 and we can apply Theorem 1.

To show the convergence of the second variant of LS-Boost (using the max-
imal improvement (MI) scheme, cf. (7)), we need the following:

Proposition 3 (MI scheme on RJ). Assume the conditions on G, F and H
as in Theorem 1 are satisfied. Let S = R

J and Sb be a convex subset of S.
Then a coordinate selection j1, j2, . . . starting at α0 that satisfies

1. F(αt)−F(αt+1,jt) ≥ δ max
j=1,... ,J

(
F(αt)− F(αt+1,j)

)
for some fixed δ ∈ (0, 1]

(∀t = 1, 2, . . . ),

and conditions 2–3 of Proposition 2, also satisfies (11) of Theorem 1.

Thus the approximate maximal improvement scheme as defined above con-
verges in the sense of Theorem 1.

Proof. Let ∆j = F(αt) − F(αt+1,j) ≥ 0. From the proof of Proposition 2 we
have |λ∗j | ≤ 1

ηl
∂j and |λ∗j | ≥ 1

ηu
∂j for all j = 1, . . . , J . We first bound ∆j in

terms of ∂j in both directions:
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1. By condition 3 we have
∣∣∣∣∣∣∣∣∂G(Hαt + λHj)

∂αj
+ γj

∣∣∣∣− ∂j∣∣∣∣ ≤ |λ|ηu for all

λ and j = 1, . . . , J . Since the gradient does not change the sign for

smaller steps than |λ∗j |, holds
∣∣∣∣∂G(Hαt + λHj)

∂αj
+ γj

∣∣∣∣ ≥ ∂j − ηu|λ| for all

|λ| ≤ |λ∗j |, λλ∗j ≥ 0.

It holds ∆j ≥
∣∣∣∣∫ λj

0

∣∣∣∣∂G(Hαt + λHj)
∂λ

+ γj

∣∣∣∣ dλ∣∣∣∣ for all |λj | ≤ λ∗j and with

equality if λj = αtj − α
t+1,j
j . Thus

∆j ≥
∫ |λj |

0
(∂j − ηu|λ|)dλ = ∂j |λj | −

ηu
2
|λj |2 (13)

for all |λ| ≤ |λ∗j |. Using |λ∗j | ≥ 1
ηu
∂j , we may set |λj | = ∂j

ηu
and get

∆j ≥
∂2
j

ηu
− ∂2

j

2ηu
=

∂2
j

2ηu
and therefore ∂j ≤

√
2∆jηu.

2. Furthermore, by convexity holds ∆j ≤ |λ∗j |∂j and therefore ∂j ≥
√

∆jηl
for all j = 1, . . . , J – in particular for jt.

Using both inequalities and assumption 1, we can bound for all j = 1, . . . , J :

∂jt
∂j
≥
√

∆jtηl√
2∆jηu

≥
√
δηl√
2ηu

. (14)

Hence, we can apply Proposition 2 and conclude that (11) is satisfied for β =
√
δ

η
3/2
l√

2η
3/2
u

.

Note that we have also shown that Proposition 3 implies Proposition 2. By in-
verting (14) it is straight forward to see, that also the opposite is true, i.e. Propo-
sition 2 implies Proposition 3.

Finally we can also state a rate of convergence, which is surprisingly not
worse than the rates for standard gradient descent methods:

Theorem 4 (Rate of Convergence, [LT92]). Under the conditions of The-
orem 1 and the assumption that F is strongly convex along the path of the αt’s,
we have

εt+1 := F(αt+1)− F(α∗) ≤
(

1− 1
η

)
(F(αt)− F(α∗)), (15)

where αt is the estimate after the t-th coordinate descent step, α∗ denotes a
optimal solution, and 1 < η <∞. In particular at iteration t holds:

εt ≤
(

1− 1
η

)t
ε0.
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Following [LT92] one can show that the constant η is at most O
(
κ2ρσJ4N2

β2

)
.

Here, ρ is the Lipschitz constant of ∇G, σ is a lower bound on the eigenvalues
of ∇2 G(αt), t = 1, . . . and κ is a constant that only depends on H [cf. LT92,
Hof52, Rob73, MS87] for details). While the upper bound on η can be rather
large – making the convergence slow – it is important to note (i) that this is only
a rough estimate of the true constant and (ii) still guarantees an exponential
decrease in the error functional with the number of iterations.

3.2 Leveraging and Coordinate Descent

We now return from the abstract convergence results in Section 3.1 to our ex-
amples of leveraging algorithms. We show how to retrieve the Gauss-Southwell
algorithm on RJ as a part of Algorithm 1. For now we set γ = 0 and have
F ≡ G. The gradient of G(Hα) with respect to αj is given by

∂ F(α)
∂αj

=
N∑
n=1

∂

∂αj
g(yn, fα(xn)) =

N∑
n=1

g′(yn, fα(xn))
∂

∂αj
fα(xn)

=
N∑
n=1

g′(yn, fα(xn))hj(xn) =
N∑
n=1

dnhj(xn) (16)

where dn is given as in step 3c of Algorithm 1. Thus, the coordinate with maxi-
mal absolute gradient corresponds to the hypothesis with largest absolute edge
(see definition on page 3). However, according to Proposition 2 and 3 we need
to assume less on the base learner. It either has to return a hypothesis that (ap-
proximately) maximizes the edge, or alternatively (approximately) minimizes
the loss function:

Definition 5 (δ-Optimality). Let H be a finite, complementation closed hy-
pothesis space and G be a functional as defined above. A base learning algorithm
L is called δ-optimal for H and G, if it always returns a hypothesis hj ∈ H that
either satisfies

1. γj ≥ δ max
j′=1,... ,J

γj′, where γj =
N∑
n=1

dnhj(xn) for any weighting

d ∈ range(∇G),

or

2. F(αt)− F(αt+1,j) ≥ δ max
j′=1,... ,J

(
F(αt)− F(αt+1,j′)

)
for any7 αt ∈ RJ+,

for some fixed δ ∈ (0, 1] and never returns a hypothesis with h(xn) = 0 for all
n = 1, . . . , N .

Remark 6. Since we have assumed H is closed under complementation, there
always exist two hypotheses having the same absolute gradient (h and −h).

7Here we only require αt ≥ 0 since H is closed under complementation.
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To fulfill condition 1 of Proposition 3, we therefore only need to consider the
hypothesis with maximum edge as opposed to the maximum absolute edge. For
classification this means that, if the base learner returns the hypothesis with
(approximately) smallest weighted training error, this condition is satisfied.

We will show in Theorem 7 that Definition 5 states sufficient conditions on
the base learner to achieve the desired convergence. Although Definition 5 is
not a necessary condition for convergence, it is easy to construct cases where
a violation of the conditions in Definition 5 destroys the convergence. For
instance, suppose the base learner would e.g. violate condition 1 and there exists
no δ > 0. Then the base learning algorithm is allowed to return a hypothesis
that does not change the solution, whereas the solution might not be optimal.

We can finally show the general convergence result for leveraging algorithms
without regularization:

Theorem 7. Given a training sample S and a finite and complementation
closed hypothesis space H. Let G : RN → R be twice differentiable, strongly con-
vex8 and its Hessian be uniformly upper bounded on any bounded subset of RN .
Suppose Algorithm 1 generates a sequence of combined hypotheses fα0 , fα1 , . . .
(cf. (9)) using a δ-optimal learning algorithm L for H and G. If any solution
of (8) is finite and lim supt→∞ ‖αt‖ < ∞, then any limit point of {αt} is a
solution of (8) and the sequence converges linearly in the sense of Theorem 4.

Proof. Let S∗ be the solution set of (8) and

Sb = conv{αt,j | j = 1, . . . , J, t = 1, 2, . . . }.

We claim Sb is bounded. By the assumption on the finiteness of the αt’s, the
set conv{αt | t = 1, 2, . . . } is bounded. We therefore need to show that for
any finite αt, the vectors αt+1,j , j = 1, . . . , J are each finite. We consider loss
functions of the form G(o) =

∑N
n=1 gyn(on), where gyn(o) is strongly convex at

finite o. There are two cases: gyn grows (1) in both directions to infinity, i.e.
gyn(±∞) =∞, and (2) it grows only in one direction to infinity. The third case
that it grows in neither direction to ∞ cannot happen, since gyn is strongly
convex.

(1) If α is finite, G(Hα) is finite. Denote by Hj the j-th column of H. A
single step in one direction j cannot be optimal at infinity, since Hj 6= 0
by assumption and so Hα and therefore G(Hα) would be +∞. Thus,
the infinite step cannot be optimal.

(2) Let

ŷn :=
{

+1 gyn(−∞) =∞
−1 gyn(+∞) =∞ ,

then αt+1,j
j can only be infinite, if Hj,nŷn ≥ 0 for all n = 1, . . . , N .

Otherwise the objective would grow to infinity. Since gyn is monotonically
8A function is called strongly convex on S, if there exists a fixed η > 0 such that the matrix

∇2
oG(o)− ηI is positive for all o ∈ S [cf. Ber95, p. 563]. Here, we require strong convexity on

any bounded subset or RN .



Main Result 11

decreasing in direction ŷn∞, any solution α∗ does not get worse when
increasing α∗j to infinity. Thus there must exist a infinite solution, which
is a contradiction to the assumption.

Since this holds for any finite α, it also holds for any limit point of {αt} and any
solution. We can therefore conclude that Sb is bounded. Then holds condition 2
of Proposition 2.

Each element Hnj of H is finite. Thus the set So = {Hα | α ∈ Sb}
is bounded. Since G is strongly convex on So and ‖∇2

oG(o)‖ is bounded by
assumption, condition 3 of Proposition 2 is satisfied.

By Definition 5 and using the complementation closeness ofH, we may apply
Proposition 2 or Proposition 3 and can conclude that the sequence α0,αt, . . .
satisfies (11).

Since G is strongly convex on S∗, the Hessian ∇2 G(Hα∗) is a strictly
positive matrix for all α∗ ∈ S∗. Thus, we can apply Theorems 1 & 4 and have
proven the theorem.

For the special cases described in Section 2 we get:

Corollary 8. Given a training sample S and a finite hypothesis space H. Sup-
pose AdaBoost, the Logistic Regression algorithm or LS-Boost (with selection
scheme (7)) as described in Section 2 (cf. Algorithm 1) generate a sequence
of hypotheses ĥ1, ĥ1, . . . and weights α̂1, α̂2, . . . using a δ-optimal base learner.
Assume every solution of (8) using the respective loss function is finite. Then
any limit point of {ft} solves (8).

Proof. We first need to show that the loss functions of AdaBoost, Logistic
regression and LS-Boost are strongly convex on any bounded subset So of RN

and fulfill the conditions in Theorem 1: The loss functions can be written
as G(o) =

∑N
n=1 g(yn, on). Therefore, the Hessian ∇2

o G(o) is diagonal with
elements ∂2

∂o2
n
g(yn, on), n = 1, . . . , N . Since the second derivatives of the one

dimensional functions (cf. Section 2.3) can each be lower bounded by a positive
constant on a bounded subset of R, each element of the diagonal and therefore
each eigenvalue is bounded away from 0. This implies the strong convexity of
G. Using similar arguments one can also uniformly upper bound ‖∇2

o G(o)‖.
Thus, we can fulfill the conditions of Theorem 7.

A similar result for AdaBoost and Logistic Regression has been obtained
using different techniques in [CSS00], but assuming the base learner always
performs optimal (i.e. δ = 1) and also not showing convergence rates. Note
that Theorem 4 also applies to AdaBoost, Logistic regression and LS-Boost
under the conditions of Corollary 8.

For the selection scheme of LS-Boost given by (5) and (6), both conditions
in Definition 5 cannot be satisfied in general, unless

∑N
n=1 hj(xn)2 is constant

for all hypotheses. Since
∑N

n=1(dn − hj(xn))2 =
∑N

n=1(hj(xn)2 − 2dnhn(xn) +
const. ), the base learner prefers hypotheses with small

∑N
n=1 hj(xn)2 and could

therefore stop improving the objective while being not optimal (see [RDB00,
Section 4.3] and [Rät01, Section 5] for more details).
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Note that Corollary 8 also applies to the confidence rated boosting algo-
rithm, if the base learner satisfies condition 2 of Definition 5 and the hypothesis
space is finite.

We also have to note that for the analysis in the PAC setting the linear
convergence in general is not sufficient. Here one needs that there exists an
upper bound on η that does not depend on the sample size. In the case of
AdaBoost is has been shown that the loss function is decreased by a factor that
only depends on the achievable margin of the problem at hand. However, this
requires that the data is separable.

4 Regularized Leveraging approaches

We have not yet exploited all features of Theorem 1. It additionally allows
box constraints and a linear function in terms of the hypothesis coefficients.
Here, we are in particular interested in `1-norm penalized loss functions of the
type F(α) = G(Hα) + γ‖α‖1. The `1-norm regularization is frequently used
in machine learning and favors sparse solutions.9 It can be shown that at
optimality most of the hypothesis coefficients will be zero [e.g. Rät01]. The
LASSO algorithm for regression [Tib94], the PBVM algorithm (using the `1-
norm) for classification [Sin00], the sparse (kernel) Fisher discriminant (SKFD)
algorithm [MRM01], and the algorithm proposed in [Rät01, Section 5.3] are
examples [see also CDS95, BMR98].

Since we assumed complementation closeness of H, we can assume without
loss of generality that a solution α∗ satisfies α∗ ≥ 0. We can therefore im-
plement the `1-norm regularization using the linear term γ>α, where γ = γ1
and γ ≥ 0 is the regularization constant. We get the following two equivalent
optimization problems:

min
α∈RJ

G(Hα) + γ‖α‖1 = min
0≤α∈RJ

G(Hα) + γ
J∑
j=1

αj , (17)

where H as is defined in (8). Clearly, the regularization defines a structure of
nested subsets of H, where the hypothesis space is restricted to a smaller set
for larger values of γ [cf. Vap95, Smo98, p. 14]. One has to use model-selection
techniques to find the right trade-off between the size of the function class and
the empirical error – by determining γ.

For simplicity, we consider in the following only base learning algorithms
that fulfill the condition 1 in Definition 5. We conjecture that the analysis can
be extended to other conditions on the base learning algorithm (in particular
condition 2 in Definition 5) [see also Zha01].

9Roughly speaking, a reason for the induced sparseness is the fact that vectors far from
the coordinate axes are “larger” with respect to the `1-norm than with respect to p-norms
with p > 1. For example, consider the vectors (1, 0) and (1/

√
2, 1/
√

2). For the two norm,
‖(1, 0)‖2 = ‖(1/

√
2, 1/
√

2)‖2 = 1, but for the `1-norm, 1 = ‖(1, 0)‖1 < ‖(1/
√

2, 1/
√

2)‖2 =
√

2.
Note that using the `1-norm as regularizer the optimal solution is always a vertex solution (or
can be expressed as such) and tends to be very sparse. It can easily be shown that independent
of the size of a (finite) hypothesis space H, the optimal number of hypotheses in the ensemble
is not greater than the number of samples. See [RDB00, Rät01] for more details.
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The constraint α ≥ 0 causes some complications with the assumptions on
the base learning algorithm. Suppose one would use a base learner that satis-
fies condition 1 in Definition 5. Then one would do updates only in positive
directions (since the edge is large, say greater than γ, and the gradient is there-
fore small, say negative; cf. (16)). We therefore need to check the coefficients
of previously selected hypothesis whether not selecting them, could violate the
δ-optimality condition 1 of Proposition 2 for the negative direction. If this is
the case, the algorithm selects such hypothesis for the next iteration instead of
using the hypothesis returned by the base learning algorithm (cf. Algorithm 2,
step 3d).

Furthermore, one has to ensure that all hypothesis coefficients αj , j =
1, . . . , J , stay positive over all iterations. Note that simply adding a constraint
α̂t ≥ 0 in step 3b of Algorithm 1 is undue, since then one could never reduce
a potentially too large coefficient (cf. discussion above). Note that α̂t might
need to be negative, since it is just the update of some αj . We therefore add
the constraint αt ≥ αt to the minimization with respect to αt (cf. Algorithm 1,
step 3e). The lower bound αt is zero for all hypotheses directly returned by the
base learning algorithm and can be negative if the wrapper selects a previous
hypothesis. This makes updates reducing some αj possible. A hypothesis coef-
ficient can only be too large, if the corresponding hypothesis has been selected
in a previous iteration and it has not been set to zero, say in later iterations
(cf. definition of J in step 3c of Algorithm 2). This discussion leads to Al-
gorithm 2, where steps 3a–3d implement a wrapper around the original base
learning algorithm.

Algorithm 2 – A Leveraging algorithm for `1-norm regularized loss G.

1. Input: S = 〈(x1, y1), . . . , (xN , yN )〉, Number of Iterations T

Regularization constant γ > 0, Loss function G : RN → R

2. Initialize: f0 ≡ 0, d1
n = g′(yn, f0(xn)) for all n = 1 . . . N

3. Do for t = 1, . . . , T ,

(a) Train classifier on {S,dt} and obtain hypothesis ĥt : X → Y

(b) Let γ̂r =
∑N
n=1 d

t
nĥr(xn) and αr =

∑t
s=1 α̂rI(ĥs = ĥr) for r = 1, . . . , t

(c) r∗ = argmini∈J γ̂i, where J = {i | i ∈ {1, . . . , t− 1} and αi > 0}.

(d) if γ̂t − γ < γ − γr∗ then ĥt = ĥr∗ and αt = αr∗
else αt = 0

(e) Set α̂t = argminα≥−αt G[ft + αĥt] + γα

(f) Update ft+1 = ft + α̂tĥt and dt+1
n = g′(yn, ft+1(xn)), n = 1, . . . , N

4. Output: fT

We now show the convergence of Algorithm 2. We are faced with the fol-
lowing problem: Let r be the index of the hypothesis that has been selected
in step 3d instead of the hypothesis returned by the base learning algorithm.
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It has the smallest edge among all previously selected hypotheses. Suppose αt
is greater than zero, but very small. Then the update |α̂t| is also very small
and one cannot lower bound |α̂t|: since there might exist another direction with
smaller gradient, but larger α, condition (11) can not be satisfied for some fixed
β > 0. One can therefore not guarantee that the selection implemented by
Algorithm 2 always satisfies (11).

However, we will show that this cannot happen very often, since in the next
iterations the coefficient is already zero and would not be selected again. This
will be exploited in the following analysis of Algorithm 2. We start with:

Lemma 9. Given a regularization constant γ > 0, a training sample S =
{(x1, y1), . . . , (xN , yN )} ⊂ X × Y, a finite hypothesis space H and the ma-
trix H as defined in (8). Assume that each element of H and y is finite. If
the loss function G is defined on RN , convex on RN and is lower bounded, then
any solution to (17) is finite.

Proof. Suppose there would exists an infinite solution α∞, then the objective
of (17) must be +∞ (we assumed γ > 0). Since the labels yn, n = 1, . . . , N ,
are finite, also G(0) is finite. Furthermore, α = 0 is feasible and α∞ cannot be
optimal.

By the same arguments we can also conclude that the α̂t’s computed in Algo-
rithm 2 and the αt,jj ’s as in Theorem 1 are bounded.

Extending the results of Section 3.1 for the GS scheme, we have the following
result for coordinate descent on the positive quadrant:

Proposition 10 (GS scheme on RJ+). Let S = R
J
+ := {α | 0 ≤ α ∈ RJ}

and Sb be a convex subset of S. Then a coordinate selection j1, j2, . . . start-
ing at α0 satisfies condition (11) of Theorem 1 for all iterations t, where (i)
conditions 2–3 of Proposition 2 hold, (ii) αtjt ≥

1
ηu

∂ F(αt)
∂αjt

and (iii) the selection
satisfies jt ∈ Jt as well as the following inequality:∣∣∣∣∂ F(αt)

∂αjt

∣∣∣∣ ≥ δmax
j∈Jt

∣∣∣∣∂ F(αt)
∂αj

∣∣∣∣ (18)

for some fixed δ ∈ (0, 1], where

Jt =
{
j

∣∣∣∣ (∂ F(αt)
∂αj

< 0
)
∨ (αtj > 0)

}
.

Proof. The only difference to Proposition 2 is the additional constraint α ≥ 0.
Thus, there can exist a dimension j with strictly positive gradient that is already
optimal. We therefore must only take the positive gradients of those coefficients
into account that are strictly positive (and therefore have been selected before
– since we start at 0). Thus, in Proposition 2 we restrict the indices in (18)
and can follow the proof of Proposition 2

We need to consider three cases: (a) positive update, (b) negative update
and (c) negative update of a variable that violates (ii):
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(a) Assume a coordinate with negative gradient, i.e. with edge greater than
γ has been selected. Then the update is positive (α̂t > 0). Since for
all j 6∈ Jt holds αj = 0 and ∂ F(αt)

∂αj
≥ 0, we can ensure that there does

not exist an index j with a (much) larger change in the coordinate j
than in jt. This can be seen by using (18) and then following the proof
of Proposition 2 using Lemma 9. This shows that (11) is satisfied for
β = δηl

ηu
.

(b) Consider the other case and the update is negative (α̂t < 0). Since jt ∈ Jt,
holds αtjt > 0. Only if αtjt ≥

1
ηu

∂ F(αt)
∂αj

the minimization with respect to αjt
can reach the minimum without hitting the constraint αjt ≥ 0. However,
assuming αjt ≥ 1

ηu

∂ F(αt)
∂αjt

, we can follow the proof of Proposition 2 as

above to show that (11) is satisfied for β = δηl
ηu

. (Roughly speaking,
hitting the constraint αjt ≥ 0 does not hurt, as long as the value of αt is
large enough.)

(c) If αtjt <
1
ηu

∂ F(αt)
∂αjt

, then αt+1
jt

= 0 and (11) might not be satisfied. But
this case is excluded by assumption (ii).

This proves the proposition.

Using this proposition and Lemma 9, we can conclude with the following
convergence result:

Corollary 11. Assume the conditions on γ,S,H,H and G as in Lemma 9.
Furthermore, assume the loss function G is strongly convex on any bounded
subset of RN . Suppose Algorithm 2 generates a sequence of combined hypotheses
fα0 , fα1 , . . . using a base learner that satisfies condition 1 of Definition 5 and
never returns the zero hypothesis (as in Definition 5). Then the sequence of
coefficients {αt} of the combined hypotheses (cf. (9)) converges linearly to the
solution of (17).

Proof. Using the same arguments as in Lemma 9, one can show that the se-
quences {αt,1}, . . . , {αt,J}, t = 1, 2, . . . , stay bounded. One may therefore
define the bounded convex set So = conv{Hαt,j | j = 1, . . . , J, t = 1, 2, . . . }.
Thus, using that G is assumed to be strongly convex on So, conditions 2–3 are
satisfied.

Using the assumption on the base learning algorithm, we can apply Propo-
sition 10. Theorem 4 bounds the progress in the objective function in each
individual iteration (and at any starting point). Thus, if we can find a subse-
quence t1, t2, . . . of iterations in which (11) is satisfied, the algorithm converges
to the optimal solution.

By Proposition 10, if case (a) or (b) apply, (11) is satisfied for β = δηl
ηu

and
(15) guarantees the convergence rate. If case (c) applies, this is not guaranteed.
However, the maximal number of subsequent iterations where (c) applies is
bounded by J . Hence, at least every J-th iteration applies (15). This proves
the linear convergence (in the sense of [Lue84, p. 128]; see also [LT92, p. 26]).
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5 Conclusion

We gave a unifying convergence analysis for a fairly general family of leveraging
methods. These convergence results were obtained under rather mild assump-
tions on the base learner and, additionally, led to linear convergence rates. This
was achieved by relating leveraging algorithms to the Gauss-Southwell method
known from numerical optimization. Our analysis includes `1 regularized cost
functions leading to a clean and general way to regularize ensemble learning.

While the main theorem used here was already proven in [LT92], its appli-
cations closes a central gap between existing algorithms and their theoretical
understanding in terms of convergence.

Future investigations include the generalization to infinite hypotheses spaces,
an improvement of the convergence rate η and a further analysis of regularized
leveraging algorithms. Furthermore, we conjecture that our results can be ex-
tended to many other variants of boosting type algorithms proposed recently
in the literature (cf. http://www.boosting.org).
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